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INVARIANT SUBMANIFOLDS OF METRIC CONTACT PAIRS 


AMINE HADJAR AND PAOLA PIU 


Abstract. We show that ^-invariant submanifolds of metric contact pairs with orthogonal char¬ 
acteristic foliations make constant angles with the Reeb vector fields. Our main result is that for 
the normal case such submanifolds of dimension at least 2 are all minimal. We prove that an odd¬ 
dimensional ^-invariant submanifold of a metric contact pair with orthogonal characteristic folia¬ 
tions inherits a contact form with an almost contact metric structure, and this induced structure is 
contact metric if and only if the submanifold is tangent to one Reeb vector field and orthogonal to 
the other one. Furthermore we show that the leaves of the two characteristic foliations of the differ¬ 
entials of the contact pair are minimal. We also prove that when one Reeb vector field is Killing and 
spans one characteristic foliation, the metric contact pair is a product of a contact metric manifold 
with R. 


1. Introduction 

On a Riemannian manifold endowed with a tensor field ip of type (1,1), a submanifold is said to 
be (^-invariant (or invariant) when its tangent bundle is preserved by ip. Under some eompatibility 
eonditions between ip and the metrie, as is for example the ease for almost Hermitian manifolds, the 
questions eoneerning the minimality of the submanifold and the nature of the indueed strueture are 
natural and interesting. It is well known that invariant submanifolds of a eontaet metrie manifold 
are minimal, and the same holds for those of a Kahler manifold. However Vaisman in [fTSll proved 
that a J-invariant submanifold of a Vaisman manifold (J being the eomplex strueture) is minimal 
if and only if it inherits a Vaisman strueture. These manifolds are a subelass of loeally eonformally 
Kahler (leK) manifolds. Dragomir and Ornea in IfTTlI generalized this result by showing that a 
J-invariant submanifold of an leK manifold is minimal if and only if the submanifold is tangent to 
the Lee veetor field (and therefore tangent to the anti-Lee veetor field). By a statement of Bande 
and Kotsehiek [|71| normal metrie eontaet pairs of type (/i, 0) are nothing but non-Kahler Vaisman 
manifolds, so the results of Vaisman and Dragomir-Ornea apply to these manilfolds. 

A metrie eontaet pair is a manifold endowed with a speeial ease of a metrie /-strueture with two 
eomplemented frames in the sense of Yano [fT^ . It earries an endomorphism field 0 of eorank 2 and 
two natural eommuting almost eomplex struetures J and T of opposite orientations. When J and T 
are both integrable the strueture is said to be normal. For J-invariant or T-invariant submanifolds 
on a normal metrie eontaet pair with deeomposable 0 the problem was solved by Bande and the 
first author Q by proving that these submanifolds are minimal if and only if they are tangent to 
both the two Reeb veetor fields of the strueture, and they gave an example of sueh submanifold 

Date: September 4, 2015; MSC 2010 classification: primary 53C25; secondary 53B20, 53D10, 53B35, 53C12. 

Key words and phrases. Metric contact pair; Minimal invariant submanifold; Metric /-structure; Almost contact 
metric manifold. 

The second author was supported by a Visiting Professor fellowship at Universite de Haute Alsace - Mulhouse in 
June 2014 and PRIN 2010/11 ’’Varieta reali e complesse: geometria, topologia e analisi armonica” - Italy; GNSAGA 
-INdAM, Italy. 


1 



2 


AMINE HADJAR AND PAOLA PIU 


on which the contact pair of the ambient manifold does not induce a contact pair. Regarding the 
0-invariant case they gave partial results. 

In this paper we study 0-invariant submanifolds of a metric contact pair (M, ai, 02 , 0, g) of any 
type {h, k) with decomposable 0, by looking at the angles that Reeb vector fields make with these 
submanifolds. We prove that these two angles are constant, then we solve completely the problem 
of minimality and that of induced structures. First we show the following. 

A connected 0-invariant submanifold iV of a metric contact pair with decomposable 0 and Reeb 
vector fields Zi and Z 2 , satisfies one of the following properties: 

- is even-dimensional and tangent to both Zi and Z 2 . 

- is 1-dimensional and contained in one of the 2-dimensional leaves of the vertical folia¬ 
tion spanned by Z\ and Z 2 . 

- A^ is of odd dimension > 3 everywhere tangent to one Reeb vector field Z\ and orthogonal 
to the other one Z 2 , or vice versa. 

- A^ is of odd dimension > 3, nowhere tangent and nowhere orthogonal to Zi and Z 2 making 
two constant angles with them. 

For the minimality problem, as a consequence we prove the following. 

Any 0-invariant submanifold of dimension > 2 of a normal metric contact pair with decompos¬ 
able 0 is minimal. The 1-dimensional case is obvious since it concerns vertical geodesics i.e. those 
which are integral curves of ciZi + C 2 Z 2 with q constant functions. 

Now let us return to the question concerning the induced structure on a 0-invariant submanifold 
A^ of a metric contact pair. When N is even-dimensional, it is tangent to the Reeb vector fields and 
then it is J-invariant (and T-invariant). Although it does not always inherit a contact pair we 
observe that it carries at least a metric /-structure with two complemented frames. By normality 
on the ambient manifold we get a /C-structure (see flUl for a definition) on N. For the case N of 
odd dimension along which the Reeb vector fields are nowhere tangent and nowhere orthogonal, 
when 0 is decomposable, we prove that N carries a contact form and an almost contact metric 
structure which is not contact metric, while for the other cases (N tangent to one Reeb vector field 
and orthogonal to the other one) it has been shown in ifTOll that A^ is a contact metric submanifold 
of one of the characteristic leaves of the contact pair. By normality on the ambient manifold, the 
induced structure on N will be normal. 

Furthermore we prove that the leaves of the characteristic foliations of dai and da 2 of a metric 
contact pair (M, ai, 02 , 0, g) with decomposable 0 are minimal. Their leaves are 0-invariant and 
tangent to both the two Reeb vector fields, but for our proof the integrability of J or T is not needed. 
We give an example where one of these two foliations is not totally geodesic. When the type 
numbers of the contact pair are {h, 0) i.e. when the Reeb vector field Z 2 spans the characteristic 
distribution of ai, we prove the following. 

If Z 2 is Killing, then the two characteristic foliations of the contact pair are totally geodesic, and 
then the metric contact pair is locally product of a contact metric manifold with R. By normality 
the first factor will be Sasakian. 


2. Preliminaries 

Blair, Ludden and Yano [fTOll introduced in Hermitian geometry the notion of bicontact structure. 
This topic was formulated again as contact pair by Bande in his PhD thesis in 2000, and then 
together with the first author in [|3. A pair of 1-forms (ai, ^ 2 ) on a manifold M is said to be a 
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contact pair of type (/i, k) if 

Oi A {daiY A 02 A {da 2 Y is a volume form, 

{daiY^^ = 0 and {da 2 Y^^ = 0. 

The latter two eonditions guarantee the integrability of the two subbundles of the tangent bundle 

TJ^i = {X : ai{X) = 0, doi(X, F) = 0 VF}, i = 1, 2. 

They determine the characteristic foliations T\ of oi and T 2 of 02 whieh are transverse and eom- 
plementary. The leaves of T\ and T 2 are contaet manifolds of dimension 2/c + 1 and 2/i + 1 
respeetively, with eontaet forms indueed by 02 and oi (see |l2l). We also define the {2h + 2k)- 
dimensional horizontal subbundle T-L to be the interseetion of the kernels of oi and 02 . 

The equations 

= 02(^2) = 1 , Ol(-Z^ 2 ) = 02(^1) = 0 , 

izidoii = izido'2 ~ iz2^^i ~ ~ 0 1 

where ix is the eontraetion with the veetor field X, determine uniquely the two veetor fields Zi and 
Z 2 , ealled Reeb vector fields. Sinee they eommute [|2l, they give rise to a loeally free M^-aetion, 
an integrable distribution ealled Reeb distribution, and then a foliation V of M by surfaees. The 
subbundle TV = MFi © MF 2 is ealled the vertical subbundle and the tangent bundle of M splits 
as: 

TM = TTx © T72 = U® MZi © MZ 2 . 

A contact pair structure (31 on a manifold M is a triple (ai, 02 , f), where (ai, 0 : 2 ) is a contact 
pair and f a tensor field of type (1,1) such that: 

= —Id Oil © Zi © 0'2 © ~ ~ 0 - 

The rank of f is dim M — 2 and o 0 = 0, for i = 1, 2. 

The endomorphism 0 is said to be decomposable if ffrXi) C TXi, for i = 1, 2. This is a natural 
condition that allows to have on each leaf of and X 2 an induced almost contact structure. 

In (H the notion of normality for a contact pair structure is defined as the integrability of both 
of the two natural commuting almost complex structures of opposite orientations J = 0 — 0:2 © 
Fi + «! © ©2 and T = 0 + 0:2 © Fi — ai © ©2 on M. This is equivalent to the vanishing of the 
tensor field 

N\X, Y) = [0, 0](A:, F) + 2dai{X, Y)Zi + 2da2{X, Y)Z2 

where [0, 0] is the Nijenhuis tensor of 0. 

A Riemannian metric on a manifold endowed with a contact pair structure is said to be asso¬ 
ciated a if 

g{X,(f)Y) = {dai +da 2 ){X,Y) and g{X, Zf) = afX) fori = 1,2. 

Such a metric is necessarily compatible with respect to the contact pair structure, which means 
that 

gifX, 0F) = g{X, Y) - ai{X)ai{Y) - a 2 {X)a 2 {Y). 

Moreover the subbundles RFi, RFi and l-L are pairwise orthogonal. 
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A metric contact pair on a manifold M is a four-tuple (oi, 02 , <P, g) where (oi, 02 , 0) is a eontaet 
pair structure and g an associated metric with respect to it. Such a manifold M will also be called 
a metric contact pair for short. 

On a metric contact pair the endomorphism field cj) is decomposable if and only if the character¬ 
istic foliations F 2 are orthogonal Q. In this case the leaves of J^j are minimal submanifolds 
ll5l . they carry contact metric structures induced by (0, Zj, cij, g), for j ^ i (see [|3l), and by the 
normality they become Sasakian [Q. Of course the product of two contact metric manifolds (or a 
contact metric manifold with M) gives rise to a metric contact pair with decomposable endomor¬ 
phism, and the structure is normal if and only if the two factors are Sasakian. It is important to note 
that there exist metric contact pairs with decomposable (j) which are not locally products of contact 
metric manifolds as shown in the following example (see also (Si for a similar construction). 

Example 1. Consider the simply connected 6 -dimensional nilpotent Lie group G® with structure 
equations: 


doci — 0:3 A 05 , doi 2 — CI4 A (Xq , doiQ — 0:4 A 05, 

dcy^ = do'4 = d(x^ = 0 


The pair (oi, 0 : 2 ) is a contact pair of type (1,1) with Reeb vector fields (Yi, Y 2 ), the Z/s being 
dual to the a/s. The characteristic distribution of ai (respectively 0 : 2 ) is spanned by Y 4 , Yq and Y 2 
(respectively Is, Y 5 and Yi). Take the metric 



and the decomposable endomorphism 0 defined to be zero on Yi, Y 2 , and 

(j)Y, = Ys , cj>Ys = -Y5 , cj>Ye = Y4 , ^Y^ =-Y^ 


Then (ai, 02 , </>, g) is a left invariant metric contact pair on the Lie group G®. We can easily see 
that the leaves of the two characteristic foliations are Sasakian, though the metric contact pair is 
not normal because N^{Y 3 , Y 4 ) = [0, 0 ](Y 3 , Y 4 ) = Y 4 7 ^ 0. We also remark that the characteristic 
foliation of ai is totally geodesic, while from g (VkiYg, ^ 5 ) = —| follows that the characteristic 
foliation of 0:2 is not totally geodesic. 

Since the structure constants of the nilpotent Lie algebra of G® are rational, there exist cocompact 
lattices T of G®. Now the metric contact pair on G® descends to all these quotients G®/r and we 
obtain closed nilmanifods carrying the same type of structure. All the remarks concerning the 
structure we constructed on G® still remain valid on the metric contact pairs G®/r. 

For the normal case we can give the following. 

Example 2. As a manifold consider the product if® = EI3 x EI3 where EI3 is the 3-dimensional 
Heisenberg group. Let {oi, 0:2,0:3} (respectively {/ 9 i, /S2, /Ss}) be a basis of the cotangent space at 
the identity for the first (respectively second) factor EI3 satisfying 


dcx^ — cni A Q !2 ) dcni — do'2 — 0 ) 


df^s = /Si A /32 , djdi = dfd 2 = 0 . 

The pair ( 0 / 3 , /S 3 ) determines a contact pair of type (1,1) on if® with Reeb vector fields (X 3 , Y^), 
the XiS (respectively the Yj’s) being dual to the aj’s (respectively the /S/s). The left invariant 


metric 



INVARIANT SUBMANIFOLDS OF METRIC CONTACT PAIRS 


5 


is associated to the pair with deeomposable endomorphism 0 given by 0 (^ 2 ) = Xi and 0 ( 12 ) = 
Yi. The metrie eontaet pair (iT®, 03 , 03 , cj), g) is normal beeause it is the produet of two Sasakian 
manifolds. Also here admits eoeompaet lattiees T and the strueture deseends to the nilmani- 
folds H^/T as normal metrie eontaet pairs. 

Some other interesting examples and properties of sueh struetures were given in [[Il[3|3l|4l[51[^. 
In the following remark we deseribe how metrie eontaet pairs relate to other well-known struetures. 

Remark 3. Normal metrie eontaet pairs with deeomposable endomorphism were already studied 
in ffini under the name bieontaet Hermitian manifolds of bidegree (1,1). They were regarded as a 
generalization of the Calabi-Eekmann manifolds. A metrie eontaet pair of type {h, k) is a speeial 
ease of metrie /-strueture of rank 2h + 2k with two eomplemented frames in the sense of Yano 
m- The normality eondition of metrie eontaet pairs i.e. the integrability of both almost eomplex 
struetures J and T is equivalent to the normality eondition as an /-strueture whieh eonsists exaetly 
on the vanishing of the tensor field deseribed before. We ean also observe that a normal metrie 
eontaet pair is a speeial ease of /C-struetures in the sense of Blair, Ludden and Yano dH. It has been 
shown in 0 that normal metrie eontaet pairs of type (/i, 0) are nothing but non-Kahler Vaisman 
manifolds (ealled P/C-manifolds in [[T4ll ). The P-manifolds of Vaisman [[T4l are neeessarily metrie 
eontaet pairs of type (/i, 0) where the Reeb veetor fields are Killing, and they inelude the subelass 
of P/C-manifolds. 

In the eourse of our work we will need the following lemmas. 

Lemma 4 (Bande et al. [HI). On a manifold endowed with a contact pair structure with decom¬ 
posable 0 and a compatible metric, for every X we have that VxZi and Vx ^2 tire horizontal. 

Lemma 5. On a manifold endowed with a contact pair structure with decomposable 0 and a 
compatible metric, for every X horizontal we have that Xz^X and Xtire horizontal. 

Proof. By the previous lemma, ajiXxZi) = 0 for i,j = 1, 2, giving 

a,{V,X) = aiUZi.X]) 

= Ziaj{X) — Xaj{Zi) — 2daj{Zi, X) 

= 0 . 

□ 

3. 0-INVARIANT SUBMANIFOLDS 

A submanifold of a metrie eontaet pair is said to be 0-invariant if its tangent bundle TN is 
preserved by the endomorphism field 0. We will denote by Zf (respeetively, Z/) the tangential 
(respeetively, normal) eomponent of the two Reeb veetor fields Zi and Z 2 along N. In the follow¬ 
ing proposition we reeall some properties from 0 we need and eoneerning the positions of the 
Reeb veetor fields along a 0-invariant submanifold N. 

Proposition 6 (Bande et al. 11^). 

(1) Along the f-invariant submanifold N the four sections Z/, Z/, Z0 and Z/ are vertical. 

(2) There is no point p of N such that the tangent vectors (Zi)p and (Z 2 )p are both orthogonal 
to the tangent space TpN. 

(3) If at a point p ofN one Reeb vector field is tangent to N and the second one is transverse, 
then the second one is orthogonal to N at p. 
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To this we can add the following. 

Proposition 7. If at a point p of the f-invariant submanifold N one of the Reeb vector fields is 
orthogonal to N, then the second one is tangent to N at p. 

Proof Suppose that {Zi)p is orthogonal to TpN. First by Propositionwe have (2'J)p 7 ^ 0. 
Moreover (Zj)p is orthogonal to {Zi)p. Next by Proposition [^([T]) the vector lies in the 

plane {{Zfp, (Za)^) and we get {Z^)p = (Za)^. □ 

Now after these observations we can state the following proposition. 

Proposition 8. A f-invariant submanifold which is tangent to both the Reeb vector fields has even 
dimension. Otherwise, its dimension is odd and its tangent bundle intersects the Reeb distribution 
along a line bundle. 

Indeed, it is clear that when a submanifold is tangent to both Zi and Z 2 at a point, since its 
tangent space at that point is preserved by f it is also preserved by J which is almost complex. 
Thus the dimension is even. 

Now let us describe a little more a 0-invariant submanifold N which is not tangent to the Reeb 
distribution. We have seen that the four sections Zf, Z0, Zj and Z0 are vertical. When at a point 
pof N one of the two Reeb vector fields is not tangent to N, then the second one is not orthogonal 
to the submanifold N (Proposition|7]), and this occurs on a whole open set of N. Moreover at those 
points both families {Zf, Zj} and {Z0, Z0} have rank one. Any tangent vector of at p which is 
orthogonal to {Zf, Zj} is horizontal, since it is orthogonal to {Z0, Z0} too and then orthogonal 
to {Zi, Z 2 }. Then by the 0-invariance of N, 0 is almost complex when acting on horizontal vectors 
tangent to N, i.e. on the horizontal part "H n TA^ of TA^. This explains the odd dimension of N 
and the fact that the Reeb distribution still remains nowhere tangent to the submanifold. Notice 
that {Zf, Zj} spans a line bundle which is the intersection of the tangent bundle TN with the 
Reeb distribution that can be called the vertical part of T N. Moreover we have 

TN = (TV n TN) © n TN). 

When A^ is a 1-dimensional 0-invariant submanifold, then it is any 1-dimensional submanifold 
of any 2 -dimensional leaf of the vertical foliation V. So in the sequel we will suppose that the 
dimension of N is at least 3. 

For simplicity suppose that Z 2 is nowhere tangent to N, so that Zi is nowhere orthogonal to 
N (by Proposition |7]). Normalizing Z^ we get on A^ a unit vector field spanning the vertical part 
TVnTN of TN: 

Now along N the equation 

c = (cos6*i)Zi + (sin6'i)Z2 

defines a smooth function 9i on N taking values in]— 7 r/ 2 , 7 r/ 2 [. This function is the measure of the 
angle that Zi makes with the submanifold, i.e. the oriented angle (Zi, Zf) in the plane (Zi, Z 2 ) 
oriented by the almost complex structure J. When Zi is nowhere tangent to the submanifold, 
similarly we get a function 62 measuring the oriented angle (Z 2 , Zj) that is the angle between Z 2 
and the submanifold, and satisfying Zj/||Zj|| = (cos 6 * 2 )Z 2 + (sin 6 * 2 )(—Zi) with — 7 r /2 < 62 < 
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We will say that the submanifold N is leaning when both Reeb veetor fields are leaning along N, 
i.e. when they are nowhere tangent and nowhere orthogonal to N. This means that the funetions 
61 and 6*2 are well defined and take nonvanishing values. 


Theorem 9. Let (M, oi, 02 , 0, g) be a metric contact pair of type {h, k) with decomposable 0. 
Suppose that M carries a leaning (^-invariant submanifold N of odd dimension 2n + 1 >3. Then, 

(1) for the angle (Zi, Zf) we have 0 < 6^1 < 7 r/ 2 , 

(2) for the angle {Z 2 , Zj) we have 62 = 9i — 7r/2, 

(3) each nonzero horizontal tangent vector X of N decomposes as X = Xi + X 2 , Xi be¬ 
ing nonzero horizontal vector tangent to the characteristic foliation Tj for j 7 ^ i, with 
||X2||V||Xi||2 = tan0i, 

(4) for the type numbers we have h > n and k > n, i.e. the dimensions of the two characteristic 
foliations are at least 2 n + 1 . 


In this theorem Property [3] means that X makes with TJ ^2 (or more preeisely with TL n TJ^ 2 ) an 
angle of absolute value 6^^ = arctan i/tan6*i, and of eourse with TLnTXi an angle 62 = 7 i /2 — 9[. 
Property [H states that along N the vertieal part of TiV separates the vertieal plane (Zi, Z 2 ) into two 
half-planes, eaeh one eontaining one Reeb veetor field, and for ( we also have 


c 


= (cos02)Z2 + (sin02)(-Zi). 


Proof. Take any loeal horizontal nonvanishing veetor field X of N. Sueh a veetor field always 
exists sinee the dimension of N is at least 3. Along N it deeomposes as X = Xi X 2 with X^ 
horizontal and tangent to Xj, for j f i. By the 0-invarianee of N, fX is also tangent to N, and 
(j)Xi is horizontal and tangent to Xj, for j 7 ^ i, by deeomposability of 0. In order to eompute the 
vertieal part of [X, fX] we have 

^7([X,0X],Zi) = ai([Xi,0Xi]) + ai([Xi,0X2]) + ai([X2,0Xi]) + ai([X2,0X2]). 


For the first term we have Q!i([Xi, fXi]) = —2dai{Xi, fXi) 
terms vanish. Thus we have 


g{[X,fX],Zf=2\\X,f 


2 g{Xi,Xi), and the last three 


and similarly 

g{[X,fX],Z2) = 2\\X2\\^ 

so that the vertieal part of [X, fX] is the veetor field 2 ||XipZi + 2IIX2IPZ2. 

Sinee [X, 0 X] is also tangent to N, its vertieal part is then eollinear with ( = (cos6*i)Zi + 
(sin6*i)Z2. Now from cos 6*1 > 0 and sin 6^1 7^ 0 , we obtain that sin 6^1 > 0 i.e. 0 < 6*1 < 7 r/2, and 
92 = 9 i — 7 r/2. Moreover Xi, X2 do not vanish. For the measure of the angle (X, Xi) we obtain 
its tangent whieh is ||X2||/||Xi|| = \/tan 9 i. 

Regarding the dimensions of the eharaeteristie foliations, take at any point p of X a basis 
{ci,..., e 2 n} of the horizontal part Ti fl TpN of the tangent spaee TpN. Eaeh veetor e/ being 
horizontal deeomposes as ei = en + ei 2 with ch ^ Tin TpXj for j 7^ i. Let Ai,..., X 2 n any real 
numbers sueh that = 0- Pot X = ^i^i- Then X = Xi +X 2 with Xj = 

lying in TpXj for j i. Applying Property [3] of this theorem to the horizontal veetor X we get 

X = 0 sinee Xi is supposed to be zero. Henee from = 0 we obtain that Xi = 0 for all 

1. Finally the veetors Cu,..., e 2 ni are linearly independent in "H fl TpX 2 and then h > n. In the 
same way we get k >n, and this eompletes the proof. □ 





8 


AMINE HADJAR AND PAOLA PIU 


Example 10. Consider the metric contact pairs on the nilpotent Lie group G® and its closed nil- 
manifolds G®/r described in Example [B For any two arbitrary nonzero real numbers a and b, the 
three vectors 

X = 0^3 + bYe, (f)X = -0^5 + 6F4 and Z = [X, 0 X] = + b‘^Y2 

span a 0 -invariant subalgebra of the Lie algebra of G® which determines a 3 -dimensional foliation 
M in G® (and also in the nilmanifolds G^/E). Each leaf X of is 0 -invariant, leaning, minimal 
and non totally geodesic. The vertical part of TX is spanned by Z restricted to X, and the angle 
6*1 that the Reeb vector field Yi makes with X satisfies 

cos di = / \/a^ -f 6^ and sin 61 = b^ / Va^ + b'^. 

By a suitable choice of a and b, we can see that the angle 9 i can take any value in ] 0 ,7r/2[. 

In the same way, we can have 0 -invariant submanifolds on the normal metric contact pairs 
and its nilmanifolds described in Example [ 2 l 

Example 11. Take again any nonzero real numbers a and b. The three vectors X = 0X2 -f bYi, 
0 X = aXi — bY2 and Z = [X, 0 X] = 0^X3 -f 6^X3 span a 0 -invariant subalgebra of the Lie 
algebra of which determines a 3 -dimensional foliation M in (and also in each nilmanifold 
H^/T). Each leaf is 0 -invariant, leaning and totally geodesic. Moreover the angle that the Reeb 
vector field X3 makes with the leaf has tangent equal to b'^/a^. 

In order to obtain an example of a closed 0 -invariant leaning submanifold, we have just to choose 
suitably a lattice of H^. Indeed let be the leaf passing through the identity element of the Lie 
group We can see that the Lie subgroup Lg is nothing but the Heisenberg group that admits 
cocompact lattices (see e.g. jbll or [[T2ll to get an explicit one). Take any of such lattices which 
we will call T. Because is a subgoup of X®, we have that T is also a lattice of X®. Now the 
closed nilmanifold X^ = Lg/T of Lg is a submanifold of the nilmanifold = H^/T of X®. As 
explained before since the normal contact pair on X® is left invariant, it descends to the quotient M® 
as a normal metric contact pair ( 03 , 03 , 0, g) of type (1,1) with decomposable endomorphism 0. 
Finally we obtain a normal metric contact pair M® with a decomposable endomorphism, carrying 
a closed leaning 0-invariant submanifold X^. 

Before stating our main theorem concerning minimality of 0 -invariant submanifolds on normal 
metric contact pairs, we first give an important lemma which allows us to describe more the angles 
between odd-dimensional 0 -invariant submanifold and the Reeb vector fields. 

Lemma 12. Let (M, ai, Q!2, 4 >, g) be a metric contact pair with decomposable 0 , and X a con¬ 
nected (p-invariant submanifold of odd dimension > 3 . If at a point of N the Reeb vector field Z2 
is not tangent to X, then Z2 is everywhere transverse to N, the measure 9 i of the oriented angle 
that Z\ makes with X is constant and 0 < 6^1 < 7r/2. 

Actually for the leaning case the four angles 9 i, 92, 9 [ and 6*2 described above are all constant. 
For 9 i = 0 , at each point Zi is tangent and Z2 is orthogonal to the submanifold. As a matter of fact 
Z2 must be transverse to X because of the odd dimension and then orthogonal to X by Proposition 
[^dl]). For example this is the case for the leaves of the charateristic foliation X2. 

Proof The proof will be given in two stages. Let X' be the nonempty open set of points of X 
on which Z2 is transverse to X. The function 6*1 is well defined on N' and we have obviously 
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0 < 01 < 7r/2. We will first prove that 9i is loeally eonstant on N' (Stage 1). Next we will prove 
that N' is nothing but N (Stage 2). 

Stage 1, step 1: 

Let X be any (loeal) unit veetor field of N' orthogonal to Then it is horizontal beeause it is also 
orthogonal to JC- Sinee ( is unit g{XxC: C) = 0. We also have 

giXxC JO = 0 (VcX, JO + g{[x, c], JO = 0 

sinee X(^X is horizontal by Lemma [H and C] is tangent to N'. Beeause ( and J( span the 
vertieal bundle, VxC is horizontal along N'. 

Stage 1, step 2: 

Differentiating ( = (cos0i)Zi + (sin0i)Z2, we obtain 

(1) XxC ~ T cos6 iXx^i + sin0iVx-Z^2- 

By step 1 and LemmalHwe have that VxC> ^xZi and XxZ 2 are horizontal, then ([U) implies that 
along N' 

X(0i) = 0. 


Stage 1, step 3: 

Take an X as above. The dimension of N' being > 3 sueh an X always exists. By the (/)-invarianee 
of N', (j)X and [X, cjyX] are also tangent to the submanifold. Using the faet that X and (j)X are 
horizontal, we have 


(?(Zi + Z 2 , [X, 0X]) = (ai + a 2 )([X, 0X]) = -2(dai + da 2 )(X, 0X) = 2g{X, X) = 2. 
Replaeing Zi + Z 2 by (cos 0i + sin 0i)C + (cos 0i — sin 0i) JC using 0 < 0i < 7r/2 we obtain 

g(|Al.>A-],C)= „0 0 

COS 01 + sm 01 

because JC is orthogonal to the submanifold. Then we have 

2 


( 2 ) 


[x,<px] = 


cos 01 + sin 01 




for some Y horizontal and tangent to the submanifold. By step 1 since X, (pX and Y are horizontal 
and tangent to N', we get X(0i) = (pX (0i) = 0 then [X, (pX]{9i) = 0, and also Y{9i) = 0. Hence 
dH) implies that along iV' 

C(0i) = o. 

Finally by steps 2 and 3 the function 0i is locally constant on the open set N'. 


Stage 2: 

Let N" be the complement set of the open set N' in N, that is the set of the points of N where Z 2 
is tangent to N. At these points Zi is not tangent to N, and the function 02 is well defined on an 
open set of N containing N". By the same arguments as before, 02 is locally constant, giving that 
N" is open because it consists on the vanishing points of 02. By the connectedness of N we have 
that N” is empty and 

N = N'. 


Now the function 0i is well defined and constant on the whole N, and of course Z 2 is everywhere 
transverse to the submanifold, completing the proof. □ 
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A first immediate eonsequenee of our Lemma [T^ using Proposition [8l is the following theorem 
whieh deseribes all possible relative positions of a ^-invariant submanifold with respeet to both the 
Reeb veetor fields. 

Theorem 13. Let N be a connected (p-invariant submanifold of a metric contact pair with decom¬ 
posable (j). Then N satisfies one of the following properties: 

(1) N is even-dimensional and tangent to both Reeb vector fields. 

(2) N is 1-dimensional and contained in one of the 2-dimensional leaves of the vertical folia¬ 
tion. 

(3) N is of odd dimension > 3 everywhere tangent to one Reeb vector field Z\ and orthogonal 
to the other one Z 2 , or vice versa. 

(4) N is of odd dimension > 3, nowhere tangent and nowhere orthogonal to the Reeb vector 
fields making two constant angles with them. 

Remark 14. Exeept the 1-dimensional ease, a 0-invariant submanifold of a metrie eontaet pair with 
deeomposable 0 always makes a eonstant angle with eaeh of the two Reeb veetor fields. 

4. Minimality 

We now turn to our main result on minimality of 0-invariant submanifolds of normal metrie eontaet 
pairs with orthogonal eharaeteristie foliations. 

Theorem 15. Any f-invariant submanifold of dimension > 2 of a normal metric contact pair with 
decomposable 0 is minimal. 

Proof. Consider a eonneeted 0-invariant submanifold of a normal metrie eontaet pair with de¬ 
eomposable 0. When the dimension of is > 2, N satisfies one of the eases O, © or dH) 
enumerated in Theorem [131 Take then the question ease-by-ease and use some partial results from 
[|6l to eonelude. Assume that N has even dimension (CaseH]). Then it is tangent to both the Reeb 
veetor fields and one ean readily show that N is also J-invariant. Moreover the normality of the 
metrie eontaet pair implies the integrability of J. By [[6l, when J is integrable a J-invariant sub¬ 
manifold is minimal if and only if it is tangent to the Reeb distribution. So this applies to N and 
then N is minimal. 

Another result from dH states that, on a normal metrie eontaet pair with deeomposable 0, a 0- 
invariant submanifold tangent to one Reeb veetor field and orthogonal to the other one (Case © is 
minimal. 

For the very remaining possible ease (Case 4) i.e. when N is leaning, we use the following. On 
a normal metrie eontaet pair with deeomposable 0, a 0-invariant leaning submanifold is minimal if 
and only if the angle between one Reeb veetor field, say Zi, and its tangential part Zf is eonstant 
along the line eurves of Z^ (see (HI). Now by Lemma [T^ for our ease this angle is eonstant on the 
whole N, and then N is minimal. □ 

Observe that by Proposition [H a eonneeted 1-dimensional submanifold is 0-invariant if and 
only if it is eontained in one leaf of the vertieal foliation V. This foliation is totally geodesie and 
the geodesies are integral eurves of nonzero vertieal veetor fields ciZi -\- C 2 Z 2 with q eonstant 
funetions, sinee we have VZiZj = 0 for i, j = 1,2 (see ©). Henee for the Case|2]of Theorem [T^ 
we have 

Theorem 16. A connected 1-dimensional f-invariant submanifold of a metric contact pair is min¬ 
imal if and only if it is tangent to a vector field of the form ciZi -|- C 2 Z 2 with Ci real numbers. 
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This means that minimal 1-dimensional 0-invariant submanifolds are exaetly vertieal geodesies. 

5. Induced structures on 0-invariant submanifolds 

In general, an even-dimensional 0-invariant submanifold of a metrie eontaet pair does not inherit 
neeessarily a eontaet pair strueture llH. Anyway we ean observe that it still earries some interesting 
strueture. 

Proposition 17. On a metric contact pair a (p-invariant submanifold N tangent to both Reeb vector 
fields carries a metric f-structure with two complemented frames. A normal metric contact pair 
on the ambient manifolds induces a K-structure on N. 

Here the notion of /-strueture is meant in the sense of Yano ifT^ with f = cp restrieted to N, 
and the eomplemented frames are the restrietions of the Reeb veetor fields to N. For the definition 
of /C-strueture see |l9l. The proof of this proposition is a straightforward eomputation and will be 
omitted. 

For the odd-dimensional ease, when 0 is deeomposable, a 0-invariant submanifold tangent to 
one Reeb veetor field and orthogonal to the other one inherits a eontaet metrie strueture, and it 
is Sasakian when the metrie eontaet pair is normal ifTOll . The following statement eoneems the 
remaining elass of 0 -invariant submanifolds, i.e. those whieh are leaning. 

Theorem 18. Let (M, Oi, 02 , <P, g) be a metric contact pair with decomposable 0, and N a (p- 
invariant submanifold of M of dimension > 3 nowhere tangent and nowhere orthogonal to the 
Reeb vector fields Zi and Z^. Set ( = j^^Zf and to = g{Cr) cilong N, where Zj is the 
tangential part of Zi. Then 

(1) 00 induces a contact form on N with Reeb vector field (, 

(2) (0, 00 , g) induces an almost contact metric structure on N, which is not contact metric. 

If the metric contact pair is normal, the induced almost contact structure on N is normal. 

For an almost eontaet manifold {N, co, (, 0), we use the terminology of |[ 8 l. A metrie is said to 
be associated when g{X, () = oo{X) and g{X, cpY) = du{X, Y) for all X, Y, while compatible 
means just that g{(pX, cpY) = g{X, Y) — u{X)u{Y) for all X, Y. By the eonelusion Q in our 
Theorem [TSl the indueed metrie is eompatible but it is not assoeiated. Aetually at eaeh point of N 
we have g{X, (pY) 7 ^ du{X, Y) for some X, Y tangent to N at the same point. 

Proof. As we know C, = (cos OfZi Y (sin 6 i)Z 2 for some eonstant funetion 6*1 with 0 < < 7 r/ 2 . 

This gives along N 

00 = (cos^ijcTi -f (sin 6 *i)Q! 2 . 

The 1-form 00 induees a eontaet form on N when for all X tangent to X, a;(X) = 0 and ixdoo = 
imply that X = 0. Take any X tangent to N sueh that u{X) = 0, then X is orthogonal to ( so that 
X is horizontal. Put X = Xi -f X 2 with Xj G "H fl TXj, for j 7^ i. If in addition ixdu = 0 we 
have 

0 = -da;(X,0X) =-(cos0i)dai(X,0X) - (sin 0 i)da 2 (X, 0 X) 

= —(cos 6 *i)(iai(Xi, 0 Xi) — (sin 6 'i)(ia 2 (X 2 , 0 X 2 ) 

= —(cos 9i){dai + da 2 ){Xi, <pXi) — (sin 9i){dai + da 2 ){X 2 , 0 X 2 ) 

= (cos 6 »i)||Xi||^-f (sin 6 »i)||X 2 ||^ 
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Now since cos 6 *i > 0 and sin 6 i > 0, we get Xi = X 2 = 0 and then X = 0 as desired. Hence u 
induces a eontact form on N. 

It is elear that uj{C) = 1- We also have i(duj = 0 beeause C is vertical and then lying in the 
kernels of dai and da 2 . Hence ( is the Reeb vector field of the contact form on N. 

To prove that = —I + oj ® Q, first remark that = 0 and oj{C) = 1 - Next any X tangent 
to N and orthogonal to C is horizontal and then satisfies cf^X = —X = —X + a;(X)C. Hence 
( 0 , C, oj) induees an almost contaet strueture on N. 

To get the compatibility of the metrie with the almost eontaet strueture, we need to prove that 
g{(j)X, (pY) = g{X, Y) — uj{X)uj{Y) for every X and Y tangent to N . Such a vector X decom¬ 
poses as X = a;(X)C + X^ for some horizontal veetor Xh tangent to N, and the same for Y. 
Replacing in g{(j)X, cjyY) = g{X, Y) — ai{X)a 2 {Y) — Q!i(F)q! 2 (^) we obtain 

= g{X,Y)-a,{u{XK)a 2 {uj{Y)C)-a,{u{Y)C)a 2 {u{X)C) 

= g{X,Y)-u{XMY){al{0 + al{C)) 

= giX,Y)-uj{X)u;{Y) 

Henee (0, (, u, g) induces an almost eontaet metric structure on N. 

Now we prove that the induced metrie is not assoeiated. Since N is of dimension > 3, at every 
point of N there exists a nonzero vector X tangent to N and orthogonal to C- By Theorem |9l 
X = Xi + X 2 with Xi nonzero horizontal and tangent to Xj, for j 7 ^ i. Choosing Y = cf)X let us 
eompare 5 f(X, 0y) with du{X,Y). On the one hand —g{X,(l)Y) = g{X,X) = ||Xi|p + IIX 2 IP, 
and on the other hand as before we have 

-du{X,Y) = -duj{X,(j)X) 

= (cos 6 »i)||Xif + (sin 6 »i)||X 2 |p. 

The difference being (1 — cos 6 'i)||Xi|p + (1 — sin 6 'i)||X 2 |p > 0, we get g{X, (j)Y) ^ duj{X, Y). 
Hence the metric is not associated for the almost contact structure of N. 

When the contact pair structure (oi, 02 , 0) is normal, for every X and Y tangent to N we have 

[0, 0](X, Y) + 2daiiX, Y)Zi + 2da2{X, Y)Z2 = 0 

and for its orthogonal projeetion on N using the 0-invariance of N we get 

0 = [0,0](X,y)+ 2(cos0i)dai(X,y)C + 2sin(0i)da2(^,>")C 
= [ 0 , 0 ](X,y) + 2 da;(X,F)C, 

whieh means that the almost eontaet strueture on N is normal. This completes the proof. □ 

We ean summarize our diseussion above eoneeming the indueed struetures on 0-invariant man¬ 
ifolds as follows. 

Theorem 19. Let (M, ai, 02 , 0, g) be a metric contact pair with decomposable 0 and Reeb vector 
fields Zi and Z 2 , and N a connected fi-invariant submanifold ofM of dimension > 2. 

(1) When N has even dimension, then it inherits a metric f-structure with two complemented 
frames. 

(2) Suppose that N has odd-dimension. Along N let ( be the normalized vector field of a 
nonzero vector field among Zj and Z^ (the tangential parts of Zi and Z 2 ), and set oj = 
g{C, •)• Then 

(a) OJ induces a contact form on N with Reeb vector field (, and induces an 

almost contact metric structure on N. 
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(b) the induced almost contact metric on N is contact metric if and only if N is tangent to 
one Reeb vector field and orthogonal to the other one. 

In all cases, if the metric contact pair on M is normal, the induced structure on N is normal. 

6. Characteristic leaves of dai and da2 

Consider a metric contact pair {M, ai, a 2 , g) of type {h,k) with decomposable f and Reeb 
vector fields Zi and Z 2 . In Q, it has been shown that the 2-dimensional vertical foliation V 
tangent to the Reeb distribution is totally geodesic. Actually, this is even true in general for any 
compatible metric g with respect to a contact pair structure (oi, 02 , 0) without decomposability 
condition on 0. 

It is also known that the characteristic foliations J^i and J ^2 of the 1-forms ai and 02 respectively 
are orthogonal, and their leaves are minimal |I51 . 

Now recall the existence of two other remarkable foliations in the manifold M, which are the 
characteristic foliations Qi and Q 2 of the 2-forms dai and da 2 respectively. Their corresponding 
subbundles are 

m = = 0VF}, i = l,2. 

Each leaf of Qi (respectively Q 2 ) inherits a metric contact pair of type (0, k) (respectively {h, 0)), 
and is foliated by leaves of V and also by leaves of IFi (respectively -F 2 ) 0. Moreover the leaves 
of Qi and Q 2 are 0-invariant and tangent to both Zi and Z 2 , and we have the following minimality 
theorem. 

Theorem 20. On a metric contact pair (M, ai, 02 , 0, g) with decomposable 0, the leaves of the 
characteristic foliations Qi and Q 2 of the 2-forms dai and da 2 are minimal. 

By normality condition on the metric contact pair of the ambient manifold M, it has been shown 
in |[ 6 l that the leaves of Qi and Q 2 are minimal. In our theorem, the normality condition is not 
needed. 

Proof. To prove the minimality of the leaves of Qi in the Riemannian manifold {M,g), we use 
the minimality criterion of Rummler lfT3]l . If the type numbers of the contact pair are {h, k), the 
dimension of this foliation is 2 A; -f 2. The volume element of the metric g can be written as ll5l 

dV = 2h+kp\p\ ^^ ^ {daiY ^a2^ 

so that the characteristic ( 2 A;-|- 2 )-form of the foliation ^1 is, up to a constant, uj = ai Aa 2 A(da 2 )^- 
Since the Reeb vector field Zi is tangent to the foliation Qi and 

izidoj = izfidai A 0^2 A {da2)^) = 0, 

the characteristic {2k + 2 )-form of the foliation Qi is closed on the subbundle TQi, giving that the 
leaves of Qi are minimal. The same argument applies to Q 2 , completing the proof. □ 

Example 21. In Example [H the characteristic subbundle TQi of dui (respectively TQ 2 of du 2 ) is 
spanned by Yi, Y 2 , Y 4 and Yq (respectively Yi, Y 2 , Y^ and ^ 5 ). Observe that the leaves of Q 2 are 
totally geodesic while those of Qi are minimal but not totally geodesic. 
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7. Metric contact pairs of type { h , 0) 

On a metric contact pair with decomposable endomorphism 0 the leaves of the two characteristic 
foliations are 0-invariant submanifolds. They are minimal and a priori they are not totally geodesic 
Ha. However when the contact pair is of type {h, 0) we can state the following. 

Theorem 22. Consider a metric contact pair (M, ai, 02, 0, g) of type {h, 0) and Reeb vector fields 
Z\ and Z 2 . If Z 2 is Killing, then the metric contact pair M is locally the product of a contact 
metric manifold with M. 

We observed that P-manifolds of Vaisman are metric contact pairs of type {h, 0) where Reeb 
vector fields are Killing. Theorem [2^ is a generalization to metric contact pairs of a result stated 
for P-manifolds by Vaisman lfT4ll . 

Proof The two characteristic foliations are orthogonal and complementary. The leaves of Ki are 
the integral curves of Z 2 which are geodesics |l3l. We have just to prove that the leaves of IF 2 are 
totally geodesic. Any leaf F of F 2 is a submanifold of codimension one, and the vector field Z 2 
restricted to F is the normal to the leaf. When Z 2 is Killing, any geodesic 7 of (M, g) starting from 
a point pof F and tangent to F at p satisfies 

7 g ( 7 , Z2) = g ( 7, Z2) + g ( 7 , Z2) = 0 . 

Therefore g^f, Z 2 ) =0 because 7 and Z 2 are orthogonal at p. Hence the geodesic 7 remains in the 
leaf F. □ 

We know that the normality of a metric contact pair implies that the Reeb vector fields are Killing 
m. The following corollary is an immediate consequence of our previous theorem, and it has 
been already stated in equivalent terms of P/C-manifolds (nowadays called non-Kahler Vaisman 
manifolds) by Vaisman. 

Corollary 23 (Vaisman lfT4l ). A normal metric contact pair of type {h, 0) is locally the product of 
a Sasakian manifold with M. 
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